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Abstract

The Saturation algorithm for symbolic state-space generation is a recent advance
in exhaustive verification of complex systems, in particular globally-asynchronous/
locally-synchronous systems. The distributed version of Saturation uses the overall
memory available on a network of workstations (NOW) to efficiently spread the
memory load during its highly irregular exploration. A crucial factor in limiting the
memory consumption in symbolic state-space generation is the ability to perform
garbage collection to free up the memory occupied by dead nodes. However, garbage
collection over a NOW requires a nontrivial communication overhead. In addition,
operation cache policies become critical while analyzing large-scale systems using
a symbolic approach. In this paper, we develop a garbage collection scheme and
several operation cache policies to help the analysis of complex systems. Experi-
ments show that our schemes improve the performance of the original distributed
implementation, SmArTNow, in terms of both time and memory efficiency.

Keywords: state-space generation, decision diagrams, distributed computing, hash-
ing, cache policy.

1 Introduction

Formal verification techniques such as model checking and theorem proving
have received wide adoption in industry for quality assurance, as they can be
used to detect errors early in the design lifecycle. State-space generation, also
called reachability analysis, is an essential and often memory-intensive step
in model checking. The increasing complexity of system designs stresses the
limits of most model checkers. Even though symbolic state-space encodings
based on binary decision diagrams (BDDs) [2] and multiway decision dia-
grams (MDDs) [20] have helped cope with the inherent state-space explosion
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of discrete-state systems, the analysis of many industrial-size models may still
rely on the use of virtual memory.

A natural way to deal with the excessive memory consumption of symbolic
reachability analysis is to use parallel and distributed approaches. Most of the
research in this area has focused on vertical slicing schemes to parallelize BDD
manipulations, by decomposing boolean functions and distributing the com-
putation over a NOW [18,21,25]. This allows algorithms to overlap the image
computation (the application of the next-state function to a set of substates
encoded by a decision diagram node), but the distributed state-space genera-
tion is still synchronous, consisting of interleaved rounds of computation and
communication, in which the fastest or the most lightly loaded workstation
must wait for the heavily loaded ones at the end of each round. Such a pe-
riodic global synchronization is a major obstacle to scalability. To overcome
this drawback, Grumberg et al. [17] introduced an asynchronous version of the
vertical slicing approach which not only performs image computation and mes-
sage passing concurrently, but also incorporates an adaptive mechanism that
takes into account the available computational power to split the workload.

In [5], we use instead MDDs and partition them horizontally onto a NOW,
so that each workstation exclusively owns a contiguous range of MDD levels.
Therefore, the memory required for state-space encoding is mutually exclu-
sively partitioned onto workstations. This horizontally distributed state-space
generation does not create any redundant or duplicate work. Furthermore, it
uses only peer-to-peer communication between neighboring orkstations, avoid-
ing global synchronizations and allowing for good scalability. However, this
approach comes with a severe tradeoff. Given the highly optimized nature
of Saturation, which was designed as a sequential algorithm, only one work-
station is active at any time, hence the distributed computation is virtually
sequentialized. This leaves only limited opportunities for speed-up. For ex-
ample, in [6,7], we introduced a way to speed-up this scheme by using work-
stations’ idle time to speculatively perform image computations.

Also, during distributed state-space generation on a NOW, performing
garbage collection for dead MDD nodes requires a nontrivial communication
overhead. In addition, MDD cache policies become relatively critical in a
large-scale symbolic reachability analysis. Thus, in this paper, we develop a
garbage collection scheme and several operation cache policies to help solving
extremely complex systems.

The paper is organized as follows. Section 2 gives the necessary background
on state-space generation, decision diagrams, Kronecker encoding, and the
evolution of the Saturation algorithm. Section 3 details our new garbage
collection scheme tailor-made for distributed state-space generation. Section 4
discusses several operation cache policies which might help solving complex
systems. Section 5 shows experimental results. Section 6 draws conclusions
and discusses future research directions.
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2 Background

A discrete-state model is a triple (Ŝ, sinit,N ), where Ŝ is the set of potential

states of the model, sinit ∈ Ŝ is the initial state, and N : Ŝ → 2
bS is the next-

state function specifying the states reachable from each state in a single step.
We assume that the model is composed of K submodels. Thus, a (global) state
i is a K-tuple (iK , ..., i1), where ik is the local state of submodel k, K ≥ k ≥ 1,

and Ŝ = SK ×· · ·×S1 is the cross-product of K local state spaces. This allows
us to use techniques targeted at exploiting system structure, in particular,
symbolic techniques to store the state space based on decision diagrams.

Since we target globally-asynchronous locally-synchronous systems, we de-
compose N into a disjunction of next-state functions [4]: N (i) =

⋃
e∈E Ne(i),

where E is a finite set of events and Ne is the next-state function associated
with event e. We then seek to build the (reachable) state space S ⊆ Ŝ, the
smallest set containing sinit and closed with respect to N , that is:

S = {sinit} ∪ N (sinit) ∪N (N (sinit)) ∪ · · · = N ∗(sinit),

where “∗” denotes reflexive and transitive closure and N (X ) =
⋃

i∈X
N (i).

2.1 Symbolic encoding of S

In the sequel, we assume that each Sk is known a priori. In practice, the local
state spaces Sk can actually be generated “on-the-fly” by interleaving symbolic
global state-space generation with explicit local state-space generation [12].
We then use the mappings ψk : Sk → {0, 1, . . . , nk−1}, with nk = |Sk|, identify
local state ik with its index ik = ψk(ik), thus Sk with {0, 1, . . . , nk−1}, and

encode any set X ⊆ Ŝ in a (quasi-reduced ordered) MDD over Ŝ. Formally,
an MDD is a directed, acyclic, edge-labeled multi-graph where:
• Each node p belongs to a level k ∈ {K, ..., 1, 0}, denoted p.lvl .
• There is a single root node r at level K.
• Level 0 can only contain the two terminal nodes Zero and One.
• A node p at level k > 0 is nonterminal with nk outgoing edges, labeled from

0 to nk−1. The edge labeled by ik points to a node q at level k−1; we write
p[ik] = q.

• Given nodes p and q at level k, if p[ik] = q[ik] for all ik ∈ Sk, then p = q,
i.e., there are no duplicates.

The MDD encodes a set of states B(r), defined by the recursive formula:

B(p) =





⋃
ik∈Sk

{ik} × B(p[ik]) if p.lvl = k > 1

{i1 : p[i1] = One} if p.lvl = 1

.

For example, box 10 at the bottom of Figure 1 shows an MDD with K = 3 and
five non-terminal nodes, encoding four global states: (0,0,2), (0,1,1), (0,2,0),
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and (1,0,0). In our MDDs, the arcs indices are written in a box in the node
from where the arc originates; the terminal nodes Zero and One and nodes p
such that B(p) = ∅, as well as any arc pointing to them, are omitted.

Compared with BDDs, MDDs have the disadvantage of resulting in larger
and fewer shareable nodes when the variable domains Sk are very large. On
the other hand, MDDs have several advantages. First, many real-world mod-
els (e.g., non-safe Petri nets, software) have variable domains with a priori
unknown or large upper bounds. These bounds must then be discovered “on
the fly” during the symbolic iterations [12,14], and MDDs are preferable to
BDDs when using this approach, due to the ease with which MDD nodes and
variable domains can be extended. A second advantage, related to the present
paper, is that our chaining heuristics applied to the MDD state variables more
closely reflect structural information of the model behavior, which is instead
spread on multiple levels in a BDD.

2.2 Symbolic encoding of N

For N , we adopt a representation used for Markov chains [3] when the parti-
tion into submodels is Kronecker consistent [10,11]. Each Ne is conjunctively
decomposed into K local next-state functions Nk,e, for K ≥ k≥ 1, such that

in any global state (iK , ..., i1)∈ Ŝ, Ne(iK , ..., i1) = NK,e(iK) × · · · × N1,e(i1).
Using K ·|E| matrices Nk,e ∈ {0, 1}nk×nk , with Nk,e[ik, jk]=1 ⇔ jk ∈Nk,e(ik),
we encode Ne as a Kronecker product: j ∈ Ne(i) ⇔

⊗
K≥k≥1 Nk,e[ik, jk] = 1,

where state i is interpreted as a mixed-based index in Ŝ and
⊗

denotes Kro-
necker product of matrices. For standard Petri nets, any partition of the places
into K subsets results in a Kronecker-consistent decomposition, and the Nk,e

matrices are extremely sparse, each row containing at most one nonzero entry.

For example, the middle of Figure 1 shows the Kronecker encoding of
N according to events (a, b, c, d) and levels (x, y, z), listing only the nonzero
entries, for example,

Ny,b =





1 → 0

2 → 1



 means Ny,b =

[
0 0 0
1 0 0
0 1 0

]

and Ny,b[1, 0] = 1 indicates that if the local state at level y is 1, event b is
locally enabled and firing b, if globally possible, moves the local state from 1
to 0.

2.3 Saturation-based iteration strategy

In addition to efficiently representing N , the Kronecker encoding allows us
to recognize event locality [10,22] and employ the Saturation algorithm [11].
Event e is independent of level k if Nk,e = I, the identity matrix. Let Top(e)
and Bot(e) be the highest and lowest levels for which Nk,e 6= I. An MDD node
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Fig. 1. Reachability graph, Sx,Sy,Sz, and N , evolution of the MDD,

p at level k is said to be saturated if it is a fixed point with respect to all Ne such
that Top(e) ≤ k, i.e., SK × · · · × Sk+1 ×B(p) ⊇ N≤k(SK × · · · × Sk+1 ×B(p)),
where N≤k =

⋃
e:Top(e)≤k Ne. After saturating its descendants, we saturate

node p by updating it in place until it also encodes Nk,e × · · · × N1,e(B(p)),
for any event e such that Top(e)=k. If this creates new MDD nodes below p,
we saturate them immediately, prior to completing the saturation of p.

If we start with the MDD encoding the initial state sinit and saturate its
nodes bottom up, at the end the root r will encode S = N ∗(sinit), because
N ∗(sinit) ⊇ B(r) ⊇ {sinit}, since we only add states through legal event firings,
and because B(r) ⊇ N≤K(B(r)) = N (B(r)), since r is saturated.

The top of Figure 1 shows the reachability graph of a three-place Petri net.
A global state is described by the local state of place x, y, and z, in that order,
with local states indexed by the number of tokens in the corresponding place.
The bottom of Figure 1 shows the Saturation-based state-space generation of
this model (solid MDD nodes are saturated, dashed ones are not).

1 Initial configuration: Set up the MDD encoding the global state (1,0,0).
2 Saturate node 0 at level z: No action is required, since there is no event
e with Top(e) = z. The node is saturated by definition.

3 Saturate node 0 at level y: Top(b) = Top(c) = y, but neither b nor c
are enabled at both levels y and z. Thus, no firing is possible, and the node
is saturated.

4 Saturate node 1 at level x: Top(a) = x and a is enabled for all levels,
thus event a must be fired on the node. Since, by firing event a, local state
1 is reachable from 0 for both levels y and z, node 1 at level y and node
1 at level z are created (not yet saturated). This also implies that the new
global state (0,1,1) is discovered.
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5 Saturate node 1 at level z: Again, no action is required as the node is
saturated by definition.

6 Saturate node 1 at level y: Top(b) = y and b is enabled for all levels,
thus event b must be fired on the node. Since, by firing event b, local state
0 is reached from 1 at level y and local state 2 is reached from 1 at level z,
node 1 at level y is extended to 0 1 and node 2 at level z is created. This
also implies that the new global state (0,0,2) is discovered.

7 Saturate node 2 at level z: Again, no action is required, as the node is
saturated by definition.

8 Saturate node 01 at level y: Top(c) = y and c is enabled for all levels,
thus event c must be fired on the node. Since, by firing event c, local state
2 is reachable from 1 at level y and local state 0 is reachable from 1 at level
z, node 01 at level y is extended to 012 and node 0 at level z, which has
been created and saturated previously, is referenced. This also implies that
the new global state (0,2,0) is discovered.

9 Saturate node 012 at level y: After exploring all possible firings, the
node is saturated.

10 Saturate node 01 at level x: Since no firing can find new global states,
the root is saturated.

Saturation consists of many “lightweight” nested “local” fixed-point im-
age computations and is completely different from the traditional breadth-first
approach that employs a single “heavyweight” global fixed-point image com-
putation. Results in [8,11,12,13,14] consistently show that Saturation outper-
forms the breadth-first approach (even if improved by chaining) for symbolic
state-space generation by several orders of magnitude in both memory and
time, making it arguably the most efficient state-space generation algorithm
for globally-asynchronous locally-synchronous discrete event systems.

2.4 Saturation NOW

In [5] we described a message-passing algorithm, Saturation NOW, that dis-
tributes the MDD nodes encoding states over a NOW, to study large models
where a single workstation would have to rely on virtual memory to explore
the state space. On a NOW with W ≤ K workstations numbered from W
down to 1, each workstation w has two neighbors : one “below”, w− 1 (unless
w = 1), and one “above”, w + 1 (unless w = W ). Initially, we evenly allo-
cate the K MDD levels to the W workstations accordingly, by assigning the
ownership of levels bw ·K/W c through b(w − 1) ·K/W c + 1 to workstation
w. Local variables mytopw and mybotw indicate the highest and lowest levels
owned by workstation w, respectively.

For distributed state-space generation, each workstation w first generates
the Kronecker matrices Nk,e for those events and levels where Nk,e 6= I and
mytopw ≥ k ≥ mybotw. Then, the sequential Saturation algorithm begins,
except that, when workstation w > 1 would normally issue a recursive call to
level mybotw − 1, it instead sends workstation w− 1 a request to perform this
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Fig. 2. Garbage collection example

operation, and waits for a reply. A linear organization of the workstations
suffices, as each workstation only needs to communicate with its neighbors.

3 Distributed Garbage Collection

The garbage collection in SmArT uses a cleanup procedure based on reference
counts, where each MDD node has a counter that records the number of the
incoming arcs. A cleanup invocation deletes any node whose reference count
is zero, and removes its reference from the unique table and the operation
caches. Then, a garbage collection call recycles the frees space using level-
based recycling pools. When SmArT uses the strict garbage collection policy,
any dereference may proceed recursively down to the bottom level of the de-
cision diagram. This can free up more memory, but it can be more costly in
terms of runtime and, in a distributed setting, it also requires message passing
between workstations. To avoid a heavy communication overhead, the policy
can be relaxed by delaying the garbage collection until the number of dead
nodes reaches some given threshold.

Distributed cleanup is then performed by freezing state-space exploration
temporarily to deal with the disconnected nodes at runtime. Without the up-
to-date reference counts, the distributed cleanup issued at the kth level needs
to scan through the outgoing arcs of the nodes at level k+1, to determine the
referencing information. To overlap the distributed cleanup and referencing
information retrieval, it is useful to clean up several consecutive levels at a
time in a top-down fashion. Thus, our distributed garbage collection triggers
a series of distributed cleanups starting at the kth level to recycle disconnected
nodes at any level equal to or lower than k.

The left of Figure 2 shows a runtime snapshot of a six-level decision dia-
gram distributed over three workstations where each workstation manages two
levels of the MDD. The dashed boxes and lines indicate disconnected nodes.
The middle of Figure 2 shows the decision diagram resulting when the two
bottom workstations (w = 2 and 1) perform distributed cleanup on the deci-
sion diagram shown in the left of Figure 2 starting at level 2. In this case, one
node at level 2 and one node at level 1 have been cleaned out. The right of
Figure 2 shows the decision diagrams resulting when three workstations per-
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form distributed cleanup on the same decision diagram but starting at level 4
instead. In this case, four nodes have been claned out.

4 Operation cache policies

The main reason why symbolic model checking can outperform the explicit ap-
proach is that the implicit state-space construction allows nodes to share not
only their children, roots of isomorphic decision diagrams, providing memory
efficiency, but also the computation corresponding to each of those children,
providing time efficiency. To efficiently share the computation during symbolic
state-space generation, hashing is considered to be one of the most effective
way to cache computed data dynamically. However, a good hashing can still
create identical hash values for distinct entries. To cope with this hash colli-
sions, we use collision-tolerant hash tables: multiple entries having identical
hash value are stored in a linked list.

For each MDD level, we use a collision-tolerant hash table for each kind of
operation (union, fire) and rehash each of the tables whenever the projected
number of collisions becomes too large. Figure 3 shows the data structure
that we use to cache the results of the union operation during distributed
state-space generation. The fourth column of Figure 3 shows an example of
caching a newly computed result. The union of 〈k, 2〉〈k, 7〉 = 〈k, 9〉, has the
same hash value as the the union of 〈k, 2〉〈k, 4〉 and the union of 〈k, 3〉〈k, 5〉.
In this case, three entries are stored in the linked list for that hash value.

4.1 Bounded-rehashing and bounded-collision caches

We developed a bounded-rehashing and bounded-collision cache policy to facil-
itate all cache-related operations, a hybrid technique between the unbounded
list hashing and fixed-size lists.

For each hash table, we keep track of MaxCollision, the maximal size of
any linked list used in the table, indicating that the time to retrieve any
entry is O(MaxCollision). Whenever MaxCollision exceeds a given threshold,
MaxAllowedCollisions , we double the size of the table and rehash all its entries.
To prevent esxcessive memory usage for caching computed results, we stop
rehashing the table when its size reaches a maximum, RehashThreshold , while
still enforcing the limit of MaxAllowedCollisions on the size of the linked lists,
to preserve the data retrieval time. In other words, the maximum number
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of entries with identical hash value cannot exceed MaxAllowedCollisions , no
matter whether the size of the hash table has exceeded RehashThreshold or
not. This way, the time to retrieve a cached entry is O(MaxAllowedCollisions).
An entry is said to be a cache-hit if it is retrieved by a hash table lookup.

Once the list is full, the insertion of a new element at the front of the list
causes the removal of an element according to the cache replacement policy.
To take the potential usefulness of entries into account, we need cache policies
that preserve the frequently hit entries, which means keeping them in the first
MaxAllowedCollisions elements of the corresponding linked list.

4.2 Single-level cache policies

The Last Recently Used (LRU) policy moves every newly accessed element
to the front of the corresponding list. Yet, this policy treats every cache-hit
entry equally no matter how often each of them has been retrieved. A possibly
better strategy is to switch a newly cache-hit entry with the one in front of it.
The last two columns of Figure 3 show how a linked list is updated following
these two policies after the result of the union of 〈k, 3〉〈k, 5〉 → 〈k, 7〉 is cache-
hit. Using either of these two policies, the time to retrieve each cached entry
is still O(MaxAllowedCollisions).

4.3 Two-level cache policies

Since the single-level cache policy mixes up the newly cached entries and the
cache-hit entries, it hinders the idea of distinguishing the usefulness of each
entry. Also, heavy element insertion might slow down the subsequent list
operations corresponding to some key. Thus, we suggest a two-level (C1 and
C2) operation cache. The C1 cache is used to store cache-hit entries, while
the C2 cache is used to store newly cached entries. A newly computed result
is initially cached in C2. When a C2-cached entry is hit, it is moved to the
C1 cache. When a C1-cached entry is hit, its position is changed. Figure 4
shows the new structure we use to cache union operations. The three examples
shown in the last three columns of Figure 4 are: caching a newly computed
result, the union of 〈k, 2〉〈k, 7〉 is 〈k, 9〉, and this entry shares a key with the
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union of 〈k, 2〉〈k, 4〉 and the union of 〈k, 3〉〈k, 5〉; the update following an C2
cache hit on the result of the union of 〈k, 3〉〈k, 5〉; the update following an C1
cache hit on the result of the union of 〈k, 1〉〈k, 4〉.

5 Results

5.1 Experiments for the bounded rehashing scheme

We evaluate the rehashing heuristic and different cache policies using the Sat-
uration algorithm to generate the state space of several parameterized models:

• Round robin mutex protocol (Robin) [16] models the round robin solution
to a mutual exclusion problem where N is the number of processes involved.

• Flexible manufacturing system (FMS) [22] models a manufacturing system
with three machines to process three different types of parts where N is the
number of each type of part.

• Slotted ring network protocol (Slot) [23] models a local area network pro-
tocol where N is the number of nodes in the network.

• Leader election protocol (Leader) [19] models a protocol for designating a
unique processor as the leader by sending messages along a unidirectional
ring of N processors.

• Aloha network protocol (Aloha) [9] models a local area network protocol
where N is the number of nodes in the network.

• Kanban manufacturing system (Kanban) [26] models a manufacturing sys-
tem authorizing production based on the consumption at the downstream
stations where N is the admission threshold to each machine.

• Bounded open queuing network (BQ) [15] models an open queuing network
where the capacity of the queue is bounded by N .

• Knights problem (Knight) models the problem of swapping (N 2−1)/2 black
knights with (N 2−1)/2 white knights placed on an N ×N chessboard with
one empty square in the middle, where N ≥ 5 is odd.

• Queens puzzle (Queen) models the game of placing N non-attacking queens
on an N ×N chessboard.

• Runway safety monitor (RIPS) [24] models an avionics system monitoring
T targets with S speeds on a grid represented as a X × Y × Z grid.

Table 1 shows the experimental study performed on a Pentium IV 3GHz
workstation with 1GB of RAM. The first two columns show the model names
and the corresponding parameters used for this evaluation. The third and
fourth columns indicate the initial size (init) of hash tables and the maximal
size (max ) allowed for rehashing. The next six columns list the time and mem-
ory consumption of three different approaches: fixed-size hashing using init ,
fixed-size hashing using max , dynamic hashing using init and then allowing to
rehash until max is reached, denoted FHI, FHM, and DH, respectively. The
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Model param Cache Time (sec) Memory (MB) Rehash
init max FHI FHM DH FHI FHM DH (times)

Robin 600 100 50K 41 34 37 326 555 349 2677

FMS 250 100 100K 174 55 56 103 240 108 62

Slot 150 100 100K 122 97 104 210 324 233 1302

Leader 7 100 100K 123 12 15 147 205 172 684

Aloha 70 100 500K 85 12 16 227 502 255 699

Kanban 60 100 1M 124 16 16 60 175 69 143

BQ 40 100 1M 102 58 60 97 120 106 43

Knight 6 100 1M 160 9 12 69 336 123 370

Queen 12 1000 1M 22 10 11 65 149 72 35

RIPS 1,4,4,4,4 1000 10M 567 113 127 168 854 516 124

Table 1
Experimental results of rehashing.

Model param Memory Time (sec)
(MB) DoNothing MoveFirst MoveForward

Robin 600 285 49.74 49.68 49.94

FMS 200 60 67.89 39.62 64.07

Slot 150 229 146.79 146.93 146.43

Leader 7 132 88.19 74.86 83.11

Aloha 70 241 160.22 161.16 158.92

Kanban 60 57 135.91 73.08 128.58

BQ 40 97 78.39 69.78 70.05

Knight 6 73 168.26 130.02 158.82

Queen 12 51 33.48 33.35 33.28

RIPS 1,2,3,3,3 31 42.09 17.08 20.50

Table 2
Experimental results for two-level caching.

last column shows the number of rehashings that have been performed.

In Table 1, we can see that FHI is always the most memory efficient
approach and FHM is always the most time efficient one. However, in all
cases, the memory consumption of DH can be as low as FHI ’s, while the
runtime of DH is very close to FHM ’s. Note that the tradeoff in performing
dynamical rehashing, shown in the last column of Table 1, is the runtime
difference between FHM and DH, which is insignificant. Additionally, the
high memory consumption of DH implies that excessive unbounded rehashing
can be expensive. In conclusion, the experiment shows that rehashing works
well in many cases making the bounded rehashing idea more practical.

5.2 Experiments for the two-level cache policies

In Table 2, the first three columns show the model names, the corresponding
parameters used and the total memory consumed for the evaluation respec-

11
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tively. The next three columns present the runtime for the two-level cache
schemes using three different policies for a cache hit on a C1-cached entry: its
position will not be changed (DoNothing), its position will be moved to the
front of the linked list (MoveFirst), or moved forward one position (Move-
Forward). To perform a fair comparison among these cache policies, we use
fixed-size unbounded hashing with init = 100 for all experiments.

In Table 2, we can see that our two-level cache policies do significantly
improve the runtime in some cases, especially the models with a constant or
linear number of MDD levels. When there is an improvement, MoveFirst al-
ways outperforms MoveForward and DoNothing. In the worst case, neither
MoveFirst nor MoveForward slow down the runtime with respect to DoNoth-
ing.

In a nutshell, by comparing column 5 in Table 1 with column 4 in Table 2
(for runtime) and column 8 in Table 1 with column 3 in Table 2 (for memory
consumption), we observe that the overhead of the two-level cache is not
negligible in comparison to the one-level cache. However, for those benchmarks
where the cache policies can improve the runtime, this is a good tradeoff.

5.3 Experiments for the message-passing implementation

This experimental study of SmArT and SmArTNow on Robin and Slot was per-
formed on the Sciclone [1] cluster at the College of William and Mary con-
sisting of many different heterogeneous subclusters. We used the Whirlwind
(homogeneous) subcluster containing 64 single-CPU Sun Fire V120 nodes (Ul-
traSPARC IIi+ 650 MHz, 1 GB RAM) connected by Myrinet and running
Solaris 9 with LAM/MPI on TCP/IP. Three parameters selected for both
models represent the small, medium, and large cases of symbolic state-space
generation, where the sequential program requires ≈ 100MB, ≈ 500MB and
≈ 900MB, respectively. For each case, we run SmArTNow on W (1, 2, 4, 8, 16,
32, or 64) workstations and record the runtime in seconds, with dashed lines
in Figure 5 and 6, and the total NOW memory usage in MB, filled and dashed
boxes corresponding to the right axes. To compute the actual overhead of the
distributed algorithm, we use the memory information reported by the oper-
ating system (retrieved from /proc). Also, we use fixed-size hashing to test
all cases, even though, in comparison to SmArT, running SmArTNow on a NOW
has more memory available for rehashing to accelerate the computation

Figure 5 and 6 show that, when the RAM of a single workstation is suffi-
cient to run the test case, the runtime of SmArT is better than that of SmArTNow

on multiple workstations. The message-passing overhead, while not huge, is
not negligible either. For the small test cases, the runtime of SmArTNow is a
few times larger than that of SmArT. However, the difference diminishes as
the model size grows, even much before memory swapping becomes an issue.
Significant improvements are noticeable even when comparing SmArTNow to it-
self for different values of W . Considering the case of Robin N = 1000, the
optimal number Wopt of workstations to use is 4. In the right of Figure 5,
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the runtime difference and the memory consumption difference is indicated by
solid arrows. SmArT rarely triggers memory swapping when 862MB of mem-
ory is used on a single machine and SmArTNow does not use virtual memory
at all when 1026MB of NOW memory is used over four network-connected
machines.

In addition, while such Wopt cannot be known a priori, the results clearly
show that using too many workstations affects the runtime only by a small
factor, while using too few, or just one, results in very large penalties, if the
algorithm completes at all. Considering the case of Robin N = 1000 again,
the runtime penalty of using W = 1 < Wopt is higher than that of using W =
32. Furthermore, even though the runtime penalty of using W > Wopt is not
trivial, the difference between the filled boxes and the dashed boxes indicates
the large amount of NOW memory left over, which could be used for model
checking or some anticipation heuristic [6,7] to accelerate the computation.

Robin and Slot are two typical problems for our distributed algorithm.
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However, the scalability of our current distributed Saturation implementation
is restricted by the number of partitions of the input model: the number W of
workstations cannot exceed the number K of MDD levels. In the other words,
the ownership of each MDD level is exclusive among workstations, although
this ownership can be transferred between workstations. Thus, these two
models are selected simply because they have more than 64 MDD levels. This
limitation can be overcome by allowing multiple workstations to manage the
same MDD level, but then additional communication overhead is required to
maintain canonicity of the MDD nodes over the workstations. Last but not
least, the experiments for the two-level cache policies show an improvement
in comparison to our original implementation.

6 Conclusion

We designed and implemented a new version of the distributed symbolic state-
space generator, SmArTNow, whose level-based node allocation scheme achieves
excellent memory distribution and scalability over NOWs. Thanks to the ever
increasing network speed, our approach effectively provides the large amounts
of memory needed when studying large systems, although it offers no theo-
retical speed-up. Also, the cache heuristics speed up our algorithm and make
the performance of the distributed approach more convincing.
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