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Abstract

Stochastic automata networks and generalized stochas-
tic Petri nets are the main formalisms used to model com-
plex Markov systems in a structured “Kronecker” ap-
proach. We compare them on a suite of examples using two
tools, PEPS and SMART.

1 Introduction

Stochastic processes in general, and Markov chains in
particular, constitute a modeling paradigm that has broad
applicability to many branches of science and engineering.
As researchers seek to develop more realistic models it be-
comes necessary to furnish these models with more detail
and this in turn leads to an enormous increase in the size
of the state space with its concomitant difficulties in even
generating the underlying stochastic matrix.

Currently there are two competing approaches that seek
to circumvent these problems by giving researchers the
tools to automatically generate, analyze and efficiently
solve large scale Markov models. They are the stochastic
automata network approach, as implemented in the software
PEPS, and an approach based on generalized stochastic Petri
nets, as implemented in the SMART software package. Both
use Kronecker-inspired data-structures to represent the un-
derlying transition probability matrix of the Markov chain.

Our goal in this paper is to compare and contrast these
two approaches in an effort to quantify their strengths and
weaknesses, not only from the point of view of computa-
tional time and memory requirements, but also and perhaps
potentially more importantly, in terms of modelling power
and efficiency of representation.

In the following sections, we introduce the two for-
malisms and their respective software packages. We define
a comprehensive suite of test examples taken from the lit-
erature of both and conduct a set of numerical experiments.
We conclude with some tentative observations on the be-
haviors of the two approaches, but observe that further and
more extensive tests still need to be performed.

�This work was partially supported by the National Science Foundation
under grant ACI-0203971.

2 Stochastic Automata Networks

Many systems, whether they be software systems, hard-
ware systems or indeed economic or biological systems,
have the characteristics that they may be described in terms
of their constituent components. This characteristic pro-
vides the rationale for a methodology based on Stochastic
Automata Networks (SANs) with which to model such sys-
tems. SANs have been discussed in the literature for over
a decade, [1, 3, 4, 5, 6, 7, 8, 9]. It has been observed that
they provide a natural means of describing parallel and dis-
tributed systems. Each component of the system is rep-
resented by a separate, low-order matrix which describes,
probabilistically, how this component makes a transition
from one possible state to another. Thus, if a component
were completely independent, its representing matrix would
define a Markov chain whose evolution in time mimics that
of the component. Since components generally do not func-
tion independently of each other, information must also be
provided which details their interaction. For example, the
actions of one component might be synchronized with those
of another, or again the behavior of one component might
depend on (i.e., be a function of) the internal state of a sec-
ond component.

2.1 The SAN Formalism

A SAN is a set of automata whose dynamic behavior is
governed by a set of events. Events are said to be local if
they provoke a transition in a single automaton, and syn-
chronizing if they provoke a transition in more than one au-
tomaton. It goes without saying that a single event can gen-
erate more than one transition. A transition that results from
a synchronizing event is said to be a synchronized transi-
tion; otherwise it is called a local transition. We denote the
number of states in automaton � by �� and by � , the number
of automata in the SAN.

The behavior of each automaton,����, for � � �� � � � � � ,
is described by a set of square matrices, all of order ��.
The rate at which event transitions occur may be constant
or may depend upon the state in which they take place.
In this last case they are said to be functional (or state-
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dependent). Synchronized transitions may be functional or
non-functional. Functional transitions allow a system to be
modeled as a SAN using fewer automata and fewer synchro-
nizing transitions. In other words, if functional transitions
cannot be handled by the modelling techniques used, then
a given system can be modeled as a SAN only if additional
automata are included and these automata are linked to oth-
ers by means of synchronizing transitions.

In the absence of synchronizing events and functional
transitions, the matrices which describe ���� reduce to a
single infinitesimal generator matrix, ����, and the global
Markov chain generator may be written as

� �

��
���

���� �

��
���

����� � ���������
���
�������� � ����� �

(1)
The tensor sum formulation is a direct result of the inde-
pendence of the automata, and the formulation as a sum of
tensor products, a result of the defining property of tensor
sums [2]. The probability distribution at any time � of this
independent � -dimensional system is known to be

���� �

��
���

�������� (2)

Now consider the case of SANs which contain synchro-
nizing events but no functional transitions and let us de-
note by �

���
� � � � �� �� � � � � � , the matrix consisting only

of the transitions that are local to ����. Then, the part of
the global infinitesimal generator that consists uniquely of
local transitions may be obtained by forming the tensor sum
of the matrices ����

� � �
���
� � � � � � �

���
� . As is shown in [7],

stochastic automata networks may always be treated by sep-
arating out the local transitions, handling these in the usual
fashion by means of a tensor sum and then incorporating
the sum of two additional tensor products per synchroniz-
ing event. The first of these two additional tensor products
may be thought of as representing the actual synchronizing
event and its rates, and the second corresponds to an updat-
ing of the diagonal elements in the infinitesimal generator
to reflect these transitions. Equation (1) becomes
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� �
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Here � is the set of synchronizing events. Furthermore,
since tensor sums are defined in terms of a matrix sum of
tensor products, the infinitesimal generator of a system con-
taining � stochastic automata with � synchronizing events
(and no functional transition rates) may be written as

� �

�����
���

��
���

�
���
� � (4)

This formula is referred to as the descriptor of the stochastic
automata network.

2.2 Functional Transitions

In real systems, most events do not simply occur of and
by themselves. They occur as a result of activities and con-
straints that, if not global to the system are, at a minimum,
dependent on various aspects of it. In other words, they are
functions of the state of different components in the sys-
tem. Thus it is natural when building mathematical models
of complex systems to include transitions that are functions
of the different components. Although this is the most nat-
ural manner with which to model functional transitions, it
is not the only way. We can always create a model without
functional transitions, but this implies a possibly substan-
tial increase in the number of automata and synchronizing
transitions needed. Each different function often requires
one additional automaton and a synchronizing transition for
each automaton associated with the function.

There is yet another reason why we should work with
functional transitions. The incorporation of functional tran-
sitions into SANs generally leads to a small number of ma-
trices that are relatively full. On the other hand, avoid-
ing functional transitions using additional automata and
synchronizing events leads to many very sparse matrices.
Given that the SAN approach is especially effective when
the matrices are full, (Indeed, for a large number of sparse
matrices, the SAN approach is less effective than a general
sparse matrix, [4]), it behooves us to work with functional
transitions whenever possible.

Now consider the effect of introducing functional tran-
sitions into SANs. It should be apparent that the introduc-
tion of functional transition rates has no effect on the struc-
ture of the global transition rate matrix other than when
functions evaluate to zero in which case a degenerate form
of the original structure is obtained. However, because of
possible value changes, the usual tensor operations are no
longer valid. Since regular tensor products are unable to
handle functional transitions it is necessary to use a Gen-
eralized Tensor Algebra, (GTA) [4], to overcome this diffi-
culty. In particular, this GTA provides some associativity,
commutativity, distributivity and compatibility over mul-
tiplication properties that enable the descriptor of a SAN
with synchronizing events and functional transitions to be
handled with algorithms almost identical to those of SANs
with no functional transitions. We use	��� to denote a ma-
trix	, associated with the automaton�, which may contain
transitions that are a function of the state of the automaton
�; 
�������������� � � � �������� indicates that the matrix

��� may contain elements that are a function of one or
more of the states of the automata ���������� � � � �������.
The notation�� denotes a generalized tensor product. Thus
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� �� ���� denotes the generalized tensor product of the
matrix � (having only constant entries) with the functional
matrix ����.

As we just mentioned, the use of functional transitions
in SANs implies the need to work with a generalized tensor
algebra and this has an associated cost. When the matrices
which represent the automata contain only constant values
and are full, the cost of performing the operation basic to all
iterative solution methods, that of matrix-vector multiply, or
in this case, the product of a vector with the SAN descriptor,
is given by

�� �

��

���

�� �

��

���

��� (5)

where �� is the number of states in the ��� automaton and
� is the number of automata in the network. When the
matrices are sparse, the cost is even less. In [4] it is shown
that for sparse matrices, the complexity is of the order of

��

���

��

��

��������

�� �
��

���

��

��

���

��

��
� (6)

where �� denotes the number of nonzero entries in ����.
To compare this complexity with a global sparse format,
the number of nonzero entries of ��

����
��� is
��

��� ��. It
is hard in general to compare the two numbers

��
��� ��

and
��

��� ��
��

���
��
��

. Note however that if all �� �

��	�������, both orders of complexity are equal1. If all
matrices are sparse (e.g., below this bound), the sparse ap-
proach is probably better in terms of computation time. This
remark is valid for a single tensor product. For a descriptor
which is a sum of tensor products and where functions in the
matrices ���� may evaluate to zero, it is hard to compute, a
priori, the order of complexity of each operation.

The savings are due to the fact that once a partial prod-
uct is formed, it may be used in several places without hav-
ing to re-do the multiplication, [10]. With functional rates,
the elements in the matrices may change according to their
context so it is conceivable that this same savings is not al-
ways be possible. It was observed in [10] that in the case of
two automata � and � with matrix representations � and
���� respectively, the number of multiplications needed to
premultiply � � ���� with a vector 	 remains identical to
the nonfunctional case and moreover, exactly the same al-
gorithm could be used. Furthermore, it was also observed
that when � contains functional transition rates, but not �,
the computation could be rearranged (via permutations) to
compute 	����� � �� in the same small number of multi-
plications as the nonfunctional case. When both contained
functional transition rates (i.e., functions of each other) no
computational savings appeared to be possible.

1The value �������� lies between 1 and 2

2.3 PEPS: a tool to study SANs

PEPS (Performance Evaluation of Parallel Systems) is
a software package designed for numerically solving very
large Markov chains. Its input language is the SANs we
just described. The Kronecker descriptor is exploited in-
ternally as a compact storage scheme for the transition ma-
trix of the Markov chain and is manipulated through ten-
sor algebra operators that handle basic vector-matrix mul-
tiplication. Among its characteristics, it provides a power-
ful and modular interface; it generates automatically very
large Markov Chain transition matrices; it allows for very
compact storage and can generate row-wise compact format
(Marca compatible); it offers various numerical strategies to
improve the time/space trade-off (grouping and lumping); it
includes several numerical iterative methods, with and with-
out preconditioning and it computes performance indices
from steady-state probability vectors

More recently, additional upgrades have incorporated a
new implementation of the shuffle algorithmn to decrease
the cost of evaluating functional transitions and a technique
based on automata grouping to decrease the product state
space and the complexity of the descriptor formula.

These improvements are all incorporated into the current
version, PEPS2003. More information is available from the
website: http://www-id.imag.fr/Logiciels/peps/.

3 Generalized Stochastic Petri nets

Generalized Stochastic Petri nets (GSPNs) are a stochas-
tic extension of Petri nets, a modelling formalism that was
introduced in the early 60s to represent and study concur-
rency. GSPNs were originally proposed in [11] to support
the performance evaluation of concurrent and distributed
system. Figure 1(c) shows a very simple case of GSPN:
there are two places (��� and �����) and two transitions
(��� and �	�). The marking (state) of the system is repre-
sented by the number of tokens in each place (initially, ���
is empty and ��� �� has � tokens). The marking is modi-
fied by the firing of a transition: when a transition � fires,
it deletes 	 tokens from each input place � of � , where 	 is
the annotation on the arc from � to � , and adds 
 tokens to
each output place �� of � , where 
 is the annotation on the
arc from � to ��. In the example considered no annotation
is associated with the arcs, meaning that exactly one token
is added/removed. To avoid negative markings a transition
can fire only if there is a sufficient number of tokens in its
input places.

The small net of the example has also a circle-headed
arc (inhibitor arc) that allows transition ��� to fire only if
there are less than � tokens in place ��� , but has no ef-
fect on the change of state. The particular class of GSPN
we use in this paper allows an arc to be annotated with a
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marking-dependent function. This may be very convenient,
for example, to remove all the tokens of a place, as is done
by transition ���� of Figure 1(d).

GSPN were initially defined in a monolithic manner, but,
later, classes of compositional GSPNs were introduced that
allow a model to be defined in terms of a set of basic com-
ponent nets and operators, most notably transition superpo-
sition and place superposition: interestingly enough, transi-
tion superposition corresponds to event synchronization in
SAN.

GSPNs assume that there is a delay associated with tran-
sitions, and that this delay is defined by an exponentially
distributed random variable. Given an initial marking, it is
possible to compute the set of states reachable from it (the
reachability set). since the sojourn time in each state is ex-
ponentially distributed, the resulting stochastic process as-
sociated with a GSPN is a Continous-Time Markov Chain
(CTMC).

The number of states of a GSPN, and therefore of the
associated CTMC, can be exponential in the number of net
places and number of tokens in places, giving rise to large
CTMCs, often too large to be solved with standard solution
methods. For these reasons, in the early 90s, the tensor-
based approach defined for SAN was “imported” in the
GSPN world [12], first to work only for GSPN subclasses
and later on to work for any type of finite GSPN model.

The basic idea behind Kronecker-based methods for
GSPN is to start with a partition of the set of places into
� classes, which in turn leads to the identification of �
subnets that interact through transition synchronization. As-
suming that it is possible to build the state space of each sub-
net, which is always possible if the set of reachable states in
the original monolithic GSPN is finite [17], it is then possi-
ble to build a tensor descriptor of a GSPN that has the same
shape as the one defined for SAN by Equation 3, where� is
the number of GSPN subnets, � is the set of synchronizing
transitions (transitions that have input places in more than
one subnet), ����

�
is a matrix that provides the contribution

of all transitions of subnet � that are “local” (all input places
in subnet �), while ����

��
and �

���
��

describe the off-diagonal
(positive) and diagonal (negative) contribution due to a tran-
sition � belonging to the set of synchronizing transitions � .

The use of marking-dependent arcs and marking-
dependent firing rates can greatly simplify the modleing, but
it can pose problems in conjunction with the Kronecker en-
coding. At the moment, we know how to cope with depen-
dencies that satisfy: (i) the marking-dependent expression �
labelling an input, output, or inhibitor arc between place �
and transition � must refer only to places in the submodel to
which � belongs (this includes important cases such as emp-
tying a place or doubling its number of tokens, but, if we
want to transfer all the tokens from place � to place � when
� fires, this restriction requires that � and � be in the same

subnet) and (ii) the marking-dependent expression of the
rate of a transition � must be decomposable into the product
of � expressions ��, where �� can refer only to places in
subnet �.

When these conditions are not satisfied, the dependency
poses the same problems encountered with functional rates
in SAN. Lifting such restrictions without loss of efficiency
is a challenging field of research, and the use of the general-
ized Kronecker operator in SANs could be a starting point.

It should also be noted that research on Kronecker and
GSPN has given rise to a number of improvements in the
way the state space of a GSPN is generated and stored, to
take advantage of symbolic data structures similar to the
ones that have made model checking so successful (such
as Binary Decision Diagrams), while adapting tensor based
numerical solution methods to work efficiently with these
compact data structures [19]. These ideas and solution
methods are all implemented in the tool SMART, discussed
in the following.

3.1 SMART: a tool to study GSPNs

The GSPN experiments in this paper are run on the tool
SMART[13]. SMART implements advanced structured ap-
proaches for logical [14], numerical [15], and discrete-event
simulation [16] studies of discrete-state systems. A system
is described as an (extended) GSPN and, by partitioning its
places, defines a decomposition into subnets.

Relevant to this work are the following features used
in the generation and numerical solution of a Markovian
GSPN. Data structures and algorithms for state space gen-
eration: we employ multi-way decision diagrams (MDDs)
paired with the efficient “saturation” algorithm [17]. Data
structures for the infinitesimal generator: we can employ
either a Kronecker descriptor, as in PEPS, or matrix di-
agrams (MXDs) [18], a Kronecker-inspired data structure
analogous to MDDs, which is generally faster but may re-
quire more memory. Numerical solution algorithm: we em-
ploy algorithms traditionally used for the solution of large,
sparse linear systems, such as SOR or, as a special case
when the relaxation parameter � equals one, Gauss-Seidel.
These have the advantage of requiring the storage of as little
as one vector of size ��� during the iterations.

4 Example suite

In this section we present a suite of examples and we
model each of them with both SANs and GSPNs. Our goal
is mainly to compare the effectiveness of the two modeling
formalisms, although such a comparison necessarily also
points out differences between the tools we employ, PEPS
and SMART, respectively.
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Resource sharing. Fig. 1(a,b) show the SAN and GSPN
of a system where � distinguishable processes access � in-
distinguishable resources. A processor in �����

�
can access

a resource only if the total number of processors in ���� ,
for � �� �, is less than �. Place ������ is required to keep
track of this number and still allow a Kronecker-consistent
decomposition of the model into � � � submodels, one
per processor (places ������ and ����), and one containing
only place ������. If the identity of the processor does
not have to be kept because all processors have the same
access rate and the same service rate (rates � and � for all
transitions ��	 � and 
�	 �, respectively), we can “fold” the
� subnets into one, greatly simplifying the model, as shown
in Fig. 1(c). To correctly represent the timing behavior, the
rate of transitions ��	 and 
�	 is proportinal to the number
of tokens in the input places, � ��������� and � �������,
respectively. This folded model can only be partitioned into
two submodels, one per place. Of course, its state space �
is much smaller, � � � states (a quantity independent of �),
vs.

��
���

��
�
�
.

Resource sharing with global system failure. Fig. 1(d)
shows the GSPN of the system described in the previous
section, for the folded case, with the additional assumption
that global failures can occur, such that all jobs running are
restarted following a repair. The rates for transitions � ��
and � ���� are the constants � and �. The firing of transi-
tion ��� must empty places ����� and ���; this is accom-
plished using marking-dependent cardinality arcs. Since the
function labeling the arc from ����� (or ���) to ��� de-
pends only on the number of tokens in ��� �� (or ���), this
does not restrict at all the decomposition into submodels. In
our study, we use three submodels, one per place. The state
space of this model is quite small, � � � states.

First available server. Fig. 1(e,f) show the SAN and
GSPN of a queueing system where customers arrive with
rate � and each customer polls server 1, 2, . . . , �, in or-
der. As soon as the customer finds an idle server, it begins
service there. If all servers are busy, the customer leaves.
The rates of transitions ��� � are set to the constant � and
those of transitions � ����� to the constant �, or ��, if each
server has its own service rate. The state space � contains
�� states, and we decompose the model by assigning each
place to a different submodel.

Dining philosophers. Fig. 1(g,h) show the Left-handed
and the Right-handed SAN and the Left-handed submodel
for the GSPN of the famous “dining philosophers” problem
(place ���� ��� ��� � belongs to the next submodel, and
place ������� is explained later). It is well-known that
this model has a deadlock state, corresponding to the case
where all the philosophers have just picked up their right
fork (each subnet has a token in place �����). To break

the deadlock, we choose to make philosopher 1 behave dif-
ferently, by picking the left fork first and the right fork sec-
ond. This modified model has no deadlock and, using arbi-
trary rates for the various transitions, results in an ergodic
Markov chain. If we want to find measures such as the ex-
pected number of philosophers that are waiting or eating in
steady-state, we can simply find the probability of having a
token in place ��	 �, for � � � � �, or ����� and �����
for � � � � �, and sum these probabilities. However, if
we want to know the probability that all philosophers are
thinking, we would need to find the probability of being in
a state where ������ �� � � and ������ �� � �, and
so on, up to �. Given the current syntactical limitations in
the SMART input language, we can specify this expression
only if we know the value of �, but this would require hav-
ing a different file for each value of �, defeating the purpose
of allowing parametric models in SMART. An alternative is
to add a single global place������� which keeps track of
the total number of tokens in any������� �; then, we sim-
ply needs to find the probability that this place is empty. The
presence of this “implicit” place does not affect the size of
the state space �, but it can afffect the efficiency of a struc-
tural solution, since each transition ����	 � and � ���� (or
�����) now have a dependency to submodel � � �, which
contains only place������� (submodels � through� cor-
respond to one philosopher each).

Queueing network with loss and blocking. Fig. 1(i,j)
show the SAN and GSPN of an open queueing system
with four bounded queues, 0 through 3, and two classes of
customers, � and 	. Customers of class � enter queue
0 when they arrive and are served by a dedicated server.
When they leave queue 0, they join queue 1, which only
serves customers of class �, then they join queue 3, which
again serves customers of both classes. Customers of class
	 follow a similar route, except they join queue 2, also
with a dedicated server. instead of queue 1 after leav-
ing queue 0. At queue 3, customers of class � have pre-
emptive priority over those of class 	. The bounds on
each queue is enforced as follows. For queue 0, we sim-
ply disable arrivals when ��
�� � ��. For queue 1, we
block transition � ���� whenever ��
�� � ��, while, for
queue 2, an arriving customer is lost when ��
�� � ��.
For queue 3, we again use blocking of � ���� and � ����
when ��
�� � ��. The rate of transitions � ���� and
� ���� are ������ � ��
���� and ������ � ��
����,
respectively. The rates of all other transitions are constant.
The state space contains ��� � ����� � ��������� �
����� � ���� states. In SMART, we use the partition
��
� 
�� 
��� �
�� �
�� �
� 
�� 
����.

Table 1 reports the results obtained by studying the ex-
amples in our suite usinig either PEPS or SMART. For
PEPS, we report the time per iteration and the number of
iterations using one of the three numerical solution meth-
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ods available: Power, Arnoldi, GMRES. For SMART, we
report the time per iteration and the number of iterations
using Gauss-Seidel/SOR in conjunction with either a tra-
ditional Kronecker encoding or matrix diagrams; we also
report the peak and final memory used to generate the state
space using decision diagrams (the runtime is essentially
negligible in comparison to that of the numerical solution),
and the memory used for Kronecker encoding or matrix di-
agrams. Finally, we report the number of reachable states
(‘no model” means that the model has a single automaton,
thus PEPS cannot be used; ‘n/c’ means that the solution
does not converge within the default maximum number of
iterations).

5 Conclusions

From our study of SAN and GSPN models using PEPS
and SMART, it is apparent that the choice of formal-
ism (SAN vs. GSPN), storage representation (Kronecker
descriptor vs. Matrix diagram), and numerical solution
method (Power, Arnoldi, GMRES, Gauss-Seidel, or SOR)
can work better on some system models but not on others.

It is apparent that the GSPN representation tends to be
more compact: thanks to the ability of places to contain
tokens, a small subnet may correspond to a huge automa-
ton, or even multiple automata. Furthermore, the rules for
partitioning a GSPN are quite general: for example, it is
possible to partition the examples of Fig. 1(c,d) into two
and three subnets, respectively (one per place), while such
a decomposition is not natural with SANs, since it does
not corresponds to well-defined automata. On the other
hand, the power of generalized tensor algebra used in the
SAN definition and implemented in PEPS is only at times
matched by the restrited marking-dependent behavior al-
lowed in GSPNs. Unless such restrictions are lifted through
new research results, one way to make the GSPN formal-
ism as powerful will then be to adopt the same generalized
tensor algebra of SANs.
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